In this paper, we introduce a new method to analyze the convergence of the standard finite element method for elliptic variational inequalities with noncoercive operators (VI). The method consists of combining the so-called Bensoussan-Lions algorithm with the characterization of the solution, in both the continuous and discrete contexts, as fixed point of contraction. Optimal error estimates are then derived, first between the continuous algorithm and its finite element counterpart, and then between the true solution and the approximate solution.
Introduction
he theory of variational inequalities finds its roots in the work of Signorini [1] and Fichera [2] concerning unilateral problems. The mathematical foundation of the theory was widened by the invaluable contributions of Stampacchia [3] and then developed by the French and Italian schools (Stampacchia [4] , Brezis [5] , Mosco [6] , Bensoussan-Lions [7] ). It has emerged as an interesting and fascinating branch of applicable mathematics with a wide range of applications in industry, finance, economics, and in social and pure and applied sciences.
This field is dynamic and is experiencing an explosive growth in both theory and applications; as a consequence, research techniques and problems are drawn from various fields. The ideas and techniques of variational inequalities are being applied in a variety of diverse areas of science and prove to be productive and innovative. In this paper, we are concerned with the standard finite element approximation of the noncoercive problem associated with elliptic variational inequalities (VI):
Here,  is a bounded domain of
and (.,.) a is the bilinear form defined by 
Denoting by V h the finite element space consisting of continuous piecewise linear functions, h r the usual interpolation operator, and where
we define the discrete counterpart of (.) by find
In stochastic control problems, the coefficients k0
b (x), a (x) can be such that the bilinear form (3) does not satisfy the usual coercivity assumption, making the problem under consideration noncoercive. Hence, in order to handle the noncoercive situation, we consider the equivalent VIs:
for the continuous and discrete problems, respectively, where  > 0 is large enough so that the new bilinear form
is strongly coercive on
The standard finite element approximation for VIs with noncoercive operators was first studied in [9] , where an optimal error estimate was established by means of a subsolution method. In a recent work [10] , we developed a new method to carry out the approximation of the same problem, combining the Bensoussan-Lions (BL) algorithm and the concept of subsolutions. In the present paper, we instead combine, in both the continuous and discrete contexts, the BL-Algorithm with the characterization of the solution as a fixed point of a contraction. The novelty that results from this combination resides in the fact that the generated algorithm is both monotone and geometrically convergent with a rate of convergence depending explicitly on the coercivity parameter  .
Combining the geometrical convergence results with standard finite element maximum norm error estimates for elliptic VIs, we first establish an error estimate between the continuous algorithm and its finite element version, and then between the exact solution and the finite element approximate.
An outline of the paper is as follows: in section 2, we recall some qualitative properties and standard finite element error estimate results for elliptic coercive VIs. In section 3, we establish, in both the continuous and discrete cases, the geometrical convergence of the algorithm. Finally, in section 4, we give the finite element error analysis.
Preliminaries
Let g in L  (  ) and = (g)   be the solution of the following coercive VI: Find 
On the other hand, one has
; T The error bound follows straightforward from the fact that T is a contraction.
The discrete Algorithm
For the sake of simplicity, we suppose that  is polyhedral. We then consider a regular and quasi-uniform 
As, in the continuous case, thanks to Remark 1, the above sequence is monotonic decreasing. Theorem 4. Under conditions of lemma 2, the mapping h T is a contraction. Therefore, its unique fixed point coincides with the solution of VI (7) and we have 
Conclusion
Based on the constructive Bensoussan-Lions Algorithm and the Banach fixed point principle, we have derived error estimate in the maximum norm of the standard finite element approximation of elliptic variational inequalities with non coercive operators. This new approach turns out to be successful and may be extended, in a future work, to system of variational inequalities related to HJB equations.
